LOCAL MODELS AND INTEGRABILITY OF CERTAIN ALMOST 

KAHLER 4-MANIFOLDS 



VESTISLAV APOSTOLOV, JOHN ARMSTRONG AND TEDI DRAGHICI 



Abstract. We classify, up to a local isometry, all non-Kahler almost Kahler 4-manifolds 
for which the fundamental 2-form is an eigenform of the Weyl tensor, and whose Ricci 
tensor is invariant with respect to the almost complex structure. Equivalently, such 
almost Kahler 4-manifolds satisfy the third curvature condition of A. Gray. We use our 
local classification to show that, in the compact case, the third curvature condition of 
Gray is equivalent to the integrability of the corresponding almost complex structure. 
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1. Introduction 

Let (M, f2) be a symplectic manifold of dimension 2n. An almost complex structure J 
is called compatible with the symplectic form Q, if there exists a Riemannian metric g such 
that 

In this case, the metric g is also called compatible with fi, while the triple (g, J, fl) is 
referred to as an almost Kahler structure on M. If, additionally, the compatible almost 
complex structure J is integrable, then {g, J, Q) is a Kahler structure on M. Almost Kahler 
manifolds for which the almost complex structure J is not integrable will be called strictly 
almost Kahler. 

Gromov's theory of pseudo-holomorphic curves p7| , Taubes' characterization of Seiberg- 
Witten invariants of symplectic 4-manifolds ^ and the recent works of Donaldson 
JT?! , |l8j conclusively situated the study of (strictly) almost Kahler manifolds into the math- 
ematical main-stream. A very recent work of LeBrun | |3^ , for instance, inspired by some 
aspects of Taubes' construction of solutions of the Seiberg-Witten equations on symplectic 
4-manifolds, relates the existence of strictly almost Kahler 4-manifolds having particular 
properties of the curvature with some fundamental problems in Riemannian Geometry, 
such as the existence and uniqueness of Einstein metrics, or of metrics minimizing volume 
among all Riemannian metrics satisfying point-wise lower bounds on sectional curvatures. 

Despite the now compelling appeal of the "Riemannian" aspect of almost Kahler geom- 
etry, the subject suffered for a long time from a genuine lack of interesting examples. For 
instance, an old still open conjecture of Goldberg ||2^ affirms that there are no Einstein, 
strictly almost Kahler metrics on a compact symplectic manifold. K. Sekigawa proved 
that the conjecture is true if the scalar curvature is non-negative. The case of negative 
scalar curvature is still wide open, despite of the recent discovery of complete Einstein 
strictly almost Kahler manifolds of any dimension 2ri > 6 |P, and of (local) Ricci-flat 
strictly almost Kahler metrics of dimension four p , Indeed, in addition to some 



subtle topological obstructions in dimension four |3^, 36|, |37[ |3q |, it turns out that there 
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is a number of (rather not well understood yet) local obstructions to the existence of Ein- 
stein strictly almost Kahler metrics compatible with a given symplectic form Further 
progress on the Goldberg conjecture seems to hinge on a better understanding of these 
obstructions. 

Classically, on a compact manifold M, the Einstein condition appears as the Euler- 
Lagrange equation of the Hilbert functional S, the total scalar curvature, acting on the 
space of all Riemannian metrics on M of a given volume. A "symplectic" setting of this 
variational problem was first considered by Blair and lanus jl^: let (M, 17) be a compact 
symplectic manifold and restrict the functional S to the space of fi-compatible Riemannian 
metrics, then the critical points are the almost Kahler metrics (5, J, VL) whose Ricci tensor 
Ric is J-invariant, i.e. satisfies: 

Ric(J-, J-) = Ric(-,-)- (1) 

The Euler-Lagrange equation dlh is a weakening of both the Einstein and the Kahler con- 
ditions. Furthermore, Blair [l2| observed that for any almost Kahler metric (g, J) the 
following relation holds: 

\ j^^ iVJpdM + S(g) - (^^(ci • P^("-i))(M), 

where V is the Riemannian connection of 5, | • | is the point-wise norm induced by g, 
and ci and = -^^^^ are respectively the first Chern class and the the volume form of 
(M, ri). Note that the right hand-side of the above equality is a symplectic invariant (hence 
is independent of the choice of a particular ll-compatible metric); thus the r2-compatible 
almost Kahler structures satisfying (|^) are also the critical points of the Energy Junctional, 
which acts on the space of fi-compatible almost complex structures by 

E(J) = ( |VJpd/i. 

JM 

From this point of view, critical almost Kahler metrics have been recently studied in ||3^ . 
Clearly, the functional E (resp. S) is bounded from below (resp. from above), the Kahler 
metrics being minima of E (resp. maxima of S). However, a direct variational approach of 
finding extremal metrics for these functionals seems not to be easily applicable as it may 
happen that the infimum of E be zero, although M does not carry Kahler structures at all 
(see @). In fact, apart from the expHcit compact examples of ^ (which, multiplied 
by Kahler manifolds, provide examples of any dimension 2n> 6), almost nothing seems to 
be known in general about existence of compact strictly almost Kahler metrics satisfying 
(|l|). In particular, no such example is yet known on a compact symplectic 4-manifold. 

One reason for which some technical difficulties appear in applying global methods is 
perhaps hidden in the fact that even locally the equation (|^) is difficult to be solved. Indeed, 
it consists of a system of PDE's for a compatible metric with fi, which does not satisfy the 
Cartan test ||]. One finds instead a number of nontrivial relations between higher jets of J 
and the curvature of g. On a compact manifold precisely these relations are at the origin 
of the integrability results obtained in [|[ ||, ^, ^ Q. The few known (local) examples 
appear, in fact, as a byproduct of additional geometric structure which makes the study of 
the Euler-Lagrange equation (|l|) more tractable. 

The additional structure relevant to this paper comes as an extra-assumption imposed 
on the curvature tensor of the almost Kahler 4-manifold, namely 



w{n) = vVL, 



(2) 
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where W is the Weyl tensor of g, viewed as a symnietric traceless endomorphisni acting on 
the space of 2-forms; thus, equation (||) is equivalent to fl being an eigenform of the Weyl 
tensor, in which case the eigenfunction v is smooth and equal, up to a factor 1/6, to the 
so-called conformal scalar curvature k of {g, J) (see Section 2.3 for a precise definition). 

The condition (|) in its own right appears to be natural in the context of four dimensional 
almost Kahler geometry. Indeed, motivated by harmonic maps theory, C. Wood [Q showed 
that an almost Kahler 4-manifold (M, g, J, J7) satisfies (|^) if and only if J is a critical point 
of the energy functional E, but under variations through all almost complex structures 
compatible with the given metric g; for this reason such almost complex structures were 
called harmonic in p8| . Furthermore, almost Kahler metrics saturating the new curvature 
estimates of |Q must all satisfy (^. 

Let us finally mention that each of the conditions and (^) corresponds to the vanishing 
of a certain irreducible component of the curvature R under the action of U(2) on the space 
of algebraic curvature tensors Taken together, (|l|) & (||) are equivalent to the more 
familiar third curvature condition of Gray (sec p6| ): 

RxYZU — RjXJYJZJU- (3) 

Evidently, the curvature of a Kahler manifold satisfies (^, hence any of the conditions (|l|) 
and @. 

In we have constructed an explicit family of strictly almost Kahler metrics that all 
satisfy the third Gray condition (|). The main purpose of this paper is to close the circle 
of ideas from our previous work p|, by showing that, conversely, any strictly almost Kahler 
4-manifold which satisfies (||) is locally modeled by a metric in this family: 

Theorem 1. Let (T,, gj^.Q^) be an oriented Riemann surface with metric gs and volume 
form Qs, and let h — w + iv be a non-constant holomorphic function on S, whose real part 
w is everywhere positive. On the product of Y. with K.^ = {{z,t)} consider the symplectic 
form 

n^n^-dzAdt (4) 
and the compatible Riemannian metric 

g = g^ + wdz^^ + -{dt + vdzf^; (5) 
w 

Then, 

(i) {g, f2) defines a strictly almost Kahler structure whose curvature satisfies the third 
Gray condition (|^). 

(ii) For any connected strictly almost Kahler 4^-manifold (M, 51) whose curvature satis- 
fies (^ there exists an open dense subset U with the following property: in a neigh- 
borhood of any point of U , {g, fl) is homothetic to an almost Kahler structure given 
&2/(||). 

This local classification of strictly almost Kahler 4-manifolds satisfying (||) includes as 
particular cases some previously known results from |^ and |9|. Indeed, the Einstein met- 
rics in our family correspond to the case when {Yi,g^) is a fiat surface so that g is a 
Gibbons-Hawking metric with respect to a translation-invariant harmonic function; we 
get precisely the selfdual Ricci-flat strictly almost Kahler examples of ^ . Further- 

more, if we consider the half-plane realization of the hyperbolic space {M^^g — *L-t^) 
and take the holomorphic function h = x-\-iy, the n ([4[-p|) gives the four dimensional proper 
3-symmetric space (Isom(E^) • S0I2) / S0{2) (see [^5|, |33|), which can be characterized as 
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the only strictly almost Kahler 4-manifold whose curvature tensor preserves the type de- 
composition of complex 2-forms |^ (a condition known as the second curvature condition 
of Gray 

To prove Theorem |ll we use local methods which have originated from Q , and have been 
further developed in B]. However, the more general result of the current paper requires 
two main new ingredients. The first comes in the form of a Unique Continuation Principle 
for the Nijenhuis tensor, N, of an almost Kahler 4-manifold satisfying (||) (Proposition |l|) , 
which allows us to realize the dense set U in Theorem ^as the subset of points where N does 
not vanish. We then consider on U the orthogonal splitting of the tangent bundle TM into 
the sum of two linear complex sub-bundles, D and D-^, where D — {TM 3 X : V xJ — 0} 
is the so-called Kahler nullity of J, while its orthogonal complement, Z?"*", is identified with 
the canonical bundle Kj of J (see Sec. 2.2). This allows us to define another almost 
complex structure, /, which is equal to J when acting on D, but to — J on . The 
almost complex structure / is compatible with g, and induces the opposite orientation on 
M . Motivated by this fact, we shall often refer to (g, /) as the opposite almost Hermitian 
structure associated to (o, J). The second new ingredient, which is the heart of the proof 
of the above Theorem ^, consists of showing that for any strictly almost Kahler metric 
{g,J) satisfying (||), the opposite almost Hermitian structure (5,/) is, in fact, a Kahler 
structure (Proposition ||). Once this is achieved, Theorem |l| follows by H, Theorem 2] (see 
also Theorem ^ below) . 

Note that the metric (|^) of Theorem |l| is endowed with an R^-isometric action which 
is surface-orthogonal and preserves the symplectic form (^; such an action cannot be 
extended to a Hamiltonian toric action on a compact symplectic 4-manifold. One is then 
lead to suspect that there will be no compact examples of strictly almost Kahler 4-manifolds 
satisfying (||) (although there are complete ones [^). We confirm this with the following 
integrability theorem, which is a direct generalization of results of and 

Theorem 2. A compact almost Kahler 4-'manifold whose curvature satisfies the third Gray 
condition (|^) is necessarily Kahler . 

The proof of Theorem ^ involves the local result of Theorem |l| and the unique continu- 
ation property established in Proposition ^ together with some global arguments relying 
on the Enriques-Kodaira classification of compact complex surfaces and structure results 
for non-singular holomorphic foliations [ p^ p4[ and authomorphism groups ]39[ | of ruled 
surfaces. 

This article can be seen as a natural continuation (and conclusion) of our previous work 
. The authors have nonetheless endeavored to make the current paper as self-contained 
as possible. The necessary background of almost Kahler geometry and a quick review of 
previous results is displayed in Sections 2 and 3 below. The proofs of Theorems |l| and ^ 
are then presented in Sections 4 and 5. 

2. Elements of almost Kahler geometry 

2.1. Type-decompositions of forms and vectors. Throughout the paper, {M,g,J,n) 
will denote an almost Kahler manifold of (real) dimension 4, where: g is a Riemannian 
metric, J is a (7-orthogonal almost-complex structure - i.e. (M, (7, J) is an almost Hermitian 
manifold - and •) = giJ', •) is the fundamental 2-form of {g, J), which is closed, and 
therefore (M, ft) is a symplectic manifold. 

We denote by: TM the (real) tangent bundle of M; T*M the (real) cotangent bundle; 
A^M,r = 1, ...,4 the bundle of real r-forms; (•, •) the inner product induced by g on these 
bundles (or on their tensor products), with the following conventions for the wedge product 



LOCAL MODELS AND INTEGRABILITY OF ALMOST KAHLER 4-MANIFOLDS 



5 



and for the inner product on forms: 

(ai A ... A ar)xi,-,Xr. = det{{ai{Xj)), 

{ai A ... Aar,/3i A ... A/3r) = det((aj, /3j)), 
where det denotes the determinant. 

Using the metric, we shall implicitly identify vectors and covectors and, accordingly, 
a 2-form (f> with the corresponding skew-symmetric endomorphism of the tangent bundle 
TM, by putting: Y) = 4>{X, Y) for any vector fields X, Y. Also, if e T*M®'^, 

by 4> o tp we understand the endomorphism of TM obtained by the composition of the 
endomorphisms corresponding to the two tensors. 

The almost-complex structure J gives rise to a type decomposition of complex vectors 
and forms. By convention, J acts on the cotangent bundle T*M by {Ja)x = —ajx, so 
that J commutes with the Riemannian duality between TM and T*M. We shall use the 
standard decomposition of the complexified cotangent bundle 

T*M O C = A^'°M e A^'^M, 

given by the (±i)-eigenspaces of J, the type decomposition of complex 2-forms 

A^M O C = A^'^M ® A^'Om e A^'^M, 
and the type decomposition of symmetric (complex) bilinear forms 

S^M (g) C = S^'^M ® S^'^M ® S°'^M. 

Besides the type decomposition of complex forms, we shall also consider the splitting of 
real 2-forms into J-invariant and J-anti-invariant ones; for any real section of A^M (resp. 
of S'^M), wc shall use the super-script ' to denote the projection to the real sub-bundle 
Ajj' M (resp. Sj^ M) of J-invariant 2-forms (resp. symmetric 2-tensors), while the super- 
script " stands for the projection to the bundle fA'^'^M] (resp. [[S'°'^M]) of J-anti-invariant 
ones; here and henceforth | • ]] denotes the real vector bundle underlying a given complex 
bundle. Thus, for any section tp of A^M (resp. of S'^M), we have the orthogonal splitting 
tjj = tjj' + 4>", where 

^'{■,-) = lm;-)+i^{J;J-)) and V"(-, •) = ^(V'(-, •) " V'( J-))- 

We finally define the L''(2)-decomposition (with respect to J) of real 2-forms 

A^M = R- fi® Aj'^Me [[A°'2m], (6) 

where Aq^M is the sub-bundle of the primitive (l,l)-forms, i.e. the J-invariant 2-forms 
which are point-wise orthogonal to O. The above splitting fits in with the well known 
50(4)-decomposition of A^M 

A2M = A+M® A-M 
into the sub-bundles A^M of selfdual (resp. anti-selfdual) forms. Indeed, we have 

A+M = R-f2® IA°'2M|, A-M = AJ'^M. (7) 

Note that S^'^M can be identified with A^'^M via the complex structure J: for any S € 

S^'M, 

(5oJ)(.,.) := S{J;-) 

is the corresponding element of A^'^M. Also, the real bundle |[A°'^M] (resp. [S'^'^M]) 
inherits a canonical complex structure, still denoted by J, which is given by 

{Ji>){X,Y) := -^{JX,Y), e IAO'^MI, 
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SO that ([[A'^^^M]], J) becomes isomorphic to the anti- canonical bundle KJ^{M) of M. We 
adopt a similar definition for the action of J on |S'"'^Af]. Notice that, using the metric g, 
[S'^^'^M] can be also viewed as the bundle of symmetric, J-anti-commuting endomorphisms 
of TM. 



2.2. The C/(2)-decomposition of the curvature. The Riemannian curvature R is de- 
fined by Rx,yZ — (V[jf_y] — [Vx,Vy])Z, where V is the Levi-Civita connection of g. 
Using the metric, it will be considered as a section of the bundle S'^(A^M) of symmetric 
endomorphisms of A^M, or of the tensor product A^M (g) A^M, depending on the context. 
The conformal part of R, the Weyl tensor W, commutes with the Hodge operator * acting 
on 2-forms and, accordingly, splits as W = + W~, where W"^ = ^{W ±W o H/+ is 
called the self dual Weyl tensor, it acts trivially on A~M and will be considered in the sequel 
as a field of (symmetric, trace-free) endomorphisms of A"'"M. Similarly, the anti-selfdual 
Weyl tensor, , will be considered as a field of endomorphisms of A~M. 

The Ricci tensor, Ric, is the symmetric bilinear form defined by Ilic{X,Y) — tx {Z ~^ 
Rx,zY}; alternatively, Ric(X, Y) = X]i=i (-^^,ei^> ^i) fo'^ ^'^Y ff-orthonormal basis {e^}. We 
then have Ric — \ g + Rico, where s is the scalar curvature (that is, the trace of Ric with 
respect to g) and Rico is the trace-free Ricci tensor. The latter can be made into a section 
of S'^{h?M), then denoted by Rico, by putting Rico(XAy) = Rico(A:) A y X A Rico(y); 
equivalently, for any section of h?M we have 

Rico((/)) = Rico o -f- (/) o Rico- 

It is readily checked that Rico satisfies the first Bianchi identity, i.e. Rico is a tensor of 
the same kind as R itself, as well as W'^ and W~; moreover, Rico anti-commutes with 
*, so that it can be viewed as a field of homomorphisms from A+M into A~ M, or from 
hrM into A+M (adjoint to each other); we eventually get the well-known Singer- Thorpe 
decomposition of R, see e.g. [O]: 



R 



J2 M|A+A/ 



V (iRico; 



\h+M 



(iRico; 



|A-Af 



w- 



T2 M|A- 



M 



J 



In the presence of a g-orthogonal almost complex structure J, which induces the cho- 
sen orientation of M , the above S'0(4)-decomposition can be further refined to get seven 
irreducible J7(2)-invariant pieces |47|. To see this, we first decompose the traceless Ricci 
tensor into its J-invariant and J-anti-invariant parts, RIcq and Ricg = Ric", which gives 
rise to the decomposition 



Rico 



RIcq Ricg 



We shall denote by p the Ricci form of (Af, g, J), which is the (1, l)-form corresponding to 
Ric' via J (we thus have p = Ric' o J), and by pQ = RIcq o J its primitive part. 
Furthermore, with respect to (|^), decomposes as 



W+ = 



W7 



-Y|Id||Ao,2jv/| 



where: 
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• the smooth function k is the so caUed conformal scalar curvature of {g, J), defined by 
K = 3{W^{il), ft); thus, K is determined by the scale action of on any of the two 
factor of (0). 

• the component is the piece of that interchanges the two factors of (|^); it 
thus can be seen as a section of KJ^{M) by the foUowing equahty 

^^(^p':(^n+n®p':y (s) 

where p" is the J-anti-invariant component of the so-called star-Ricci form = R{Q) 
of (g, J); recall that the star-Ricci tensorHic* is then defined by Ric* (•, •) = — p*(J-,-); 
in particular, p" = if and only if W'^{^) = ff^; 

• the component can be viewed as a section of Kj'^{M); with respect to any (local) 
section ip of |A°'^M]], it can be written as 

= ^[(j) (E) (t) - J(j) J(l)] + ^[<l) (E) J(j) + J(t) ® cj}], (9) 

A and p, being (locally defined) smooth functions; equivalently, is the component 
of that belongs to the bundle of symmetric endomorphisms of [A'^'^M] which 
anti-commutc with J. 

We thus get the U (2)-splitting of the Riemannian curvature of an almost Hermitian 4- 
manifold 0: 

R = ^Id| + W+ + W+ + W+ + RkT; + RkT;' + , (10) 
where denotes the scalar component of , specifically given by 

H^+ = |f]®f7-^Id|A+M. (11) 

The following immediate application of the decomposition ( p^ ) provides alternative def- 
initions (in dimension 4) for the third curvature condition of Gray (|3|): 

Lemma 1. For an almost Hermitian 4-manifold {M,g, J) the following conditions are 
equivalent: 

(i) Ric" = and p'l = 0. 
(it) Ric" = and W(Sl) = 

(iii) Ric* - Ric = ^^5. 

(iv) RxYZU — RjXJYJZJU ■ 

(v) R preserves the type decomposition [with respect to J) of real 2-forms. 

2.3. The Nijenhuis tensor and the curvature. A central object in our study is the 
Nijenhuis tensor (or complex torsion) of an almost complex structure J, defined by 

Nx,Y = [JX, JY] - J[JX, Y] - J[X, JY] - [X, Y]. 

Thus, iV is a 2-form with values in TM, which by Ncwlander-Nirenberg theorem pO[ | 
vanishes if and only if J is integrable. 

Alternatively, the Nijenhuis tensor can be viewed as a map from A^'^M to A°'^M in the 
following manner: given a complex (l,0)-form tp, we define by dip and dtp the projectors 
of dip to A^'°M and A-^'^M, respectively. In general, d ^ d + d, as dip can also have a 
component of type (0,2), which we denote by N{ip); writing ip = a + iJa where a is a real 
1-form, one calculates 

N{iP)x.Y = ^a{Nx,Y) = li^iNx.y), VX,y e T^'^M. 
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Equivalently, for every real 1-form a we have 

{d^ay^^Y = iJida)")xx + ^JaiNx.v), (12) 

where d'' = i{d — d); thus, d"^ acts on real functions by d'' f = Jdf, on real l-forms by 
{d'^a)x,Y — ~d{Ja)jx,jY, etc. Observe that d"^ = does not imply dd'^ + d'^ d — 0, unless 
= 0. For example, using ( p^ ) one obtains on functions 

[dd' + d'd)J = 2{dd'f)" = (d^/)jv(.,)- (13) 

In particular, dd'' f is not, in general, a (1, l)-form; however, for an almost Kahler manifold 
its projection to the r2-factor of (j^) is a second order linear differential operator which, up 
to a sign, is nothing else than the Riemannian Laplacian of (Af , g) : 

Af = -{dd'f,n). (14) 

For an almost Kahler manifold (M, g, J, ft), the vanishing of N is equivalent to ft being 
parallel with respect to the Levi-Civita connection V of 5; specifically, for any almost 
Kahler manifolds the following identity holds (cf. e.g. pOt): 

iVxm-r)^l{JX,N{;-)). (15) 

Using the above relation, we shall often think of as a T*M-valued 2-form, or as a A^M- 
valued 1-form, by tacitly identifying N with Vfi. Further, since J7 is closed and TV is a 
J-anti-invariant 2-form with values in TM, one easily deduces that Vf2 is, in fact, a section 
of the vector bundle |A°'^Af (g) A°'^M]], i.e. the following relation holds: 

V.7xJ = -J(VxJ), yXeTM. (16) 

Note that, in four dimensions, any section of [[A"'^A/ (g) A'^'^Af] has a non-trivial kernel; 
then, at any point x G Af , we define the sub-space 

D, = {x eT^M ■.(yxJ). = o}, 

which we call the Kahler nullity of (g, J); thus, dimR(Z3) = 4 or 2, depending on whether 
or not N vanishes at the given point. Assuming that ^ 0, we let D-^ be the orthogonal 
complement of D in TM. Relation (p^ ) identifies the complex line bundle with the 
canonical bundle K,j{M) = A^'°Af; consequently, we have the following relations for the 
corresponding first Chern classes: 

ciiD^) = -ci(TAf) = -ci(J) , c^iD) = ci(TAf) - c^iD^) = 2ci(J). 

On the open subset of points where 7^ 0, we shall also consider the opposite almost 
complex structure /, which is equal to J on D, but to —J on Z?^; clearly / is compatible 
with the metric but yields the opposite orientation to the one of (A/, J). We mention below 
the following observation due to J. Armstrong 1^ and C. LeBrun [^ : 

Lemma 2. Let (Af, g, J, fl) be an almost- Kahler 4-manifold for which the Nijenhuis tensor 
nowhere vanishes. Then, the Chern classes of the almost complex structures J and I 
satisfy ci{I) = 3ci(J); if, moreover, M is compact, then the Euler characteristic x(A/) and 
signature a{M) of M are related by 5x{M) = —6a{M). 

Proof. We clearly have 

ci(/) -ci(D)-ci(D-L) =3ci(J). 
By Wu's formula we know that cf(Af, J) = 2x{M)+3a{M) and cl{M,I) = 2x(M)-3cr{M), 
so that we get -9(2x(Af) + 3cr(Af)) = 2x(Af) - 3a{M); the claim follows. □ 

For a Kahler structure (g, J, il) some of the curvature components defined in Section 2.2 
identically vanish: indeed, in this case Ric" = 0, = 0, = and the scalar function 
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K is nothing else than the scalar curvature s. This suggests that for an almost Kahler 
structure those components depend directly on the Nijenhuis tensor (and its covariant 
derivative). To see this, consider the Ricci identity for Vi: 

(V|,y-V|.,^)(r!) = [J,i?x,r], (17) 

where Rx.y is viewed as an endomorphism of TM and [•, •] denotes the commutator. A 
contraction of this relation leads to 

4 

- Y^{'sJl^ z^){ei,X) = Ric(JX, Z) - Kic*{JX, Z). (18) 

i=l 

Symmetrising (^8|) in X and Z, one obtains the relation between Ric" and the Nijenhuis 
tensor: 

, 4 

( JRic")x,z = 2 E [(yl,zm^^,X) + (Vl,xme^, Z) 
1=1 

Anti-symmetrising ( p^ ) in X and Z and using (Kl — 0, one gets 

iv*Vr! = p, -p, (19) 

which can be recognized as being nothing but the usual Weitzenbock formula pl| ] applied 
to the harmonic 2-form fi. From ( p9[ ) we also get immediately 

2p'l = {V*V^iy\ po = (p'Joand 

s* - s = |V^^|^ where s* = (20) 

is the trace of the star- Ricci tensor Ric* . 

Finally, the component is determined by the [[A"'^M]]-component of the relation 

fir 



As Vf2 is a section of the bundle |A°'-'^M (g) A°'^M], it will be very convenient at times 
to express the higher jets of Vl in terms of a (local) section (f) G [A'^'^M] of square-norm 2. 
Observe that we have an S'^-freedom for the choice of (j) and, for this reason, such a form 
(j) will be called a gauge. 

Thus, assuming that we have made a choice for the gauge (p, we can write: 

a(g)(l)- Ja(g) J<j>. (21) 

The gauge-dependent 1-form a is dual to a vector field in and satisfies |Vilp = 4|ap, 
which shows that |ap is a gauge-independent quantity. As {"^^; :^<^: '^'^'^^ 
thonormal basis of A+Af , the covariant derivatives of cp and Jcf) are given by 

V(/) = -a (g) + 6 (Ki J(/); VJ4)^Ja®Q.-h®(f), (22) 
for some gauge-dependent 1-form h. In fact, if we change the gauge by 

= (cos6l)0-t- (sin6')J(/), 
the corresponding 1-forms change as follows 

a' = {cos 9)a - {sin 6) Ja; b' ^b + d9. 
From d^) and (H), we get 

V^|A2Mf^ = (da - Ja A 6) (g) - {d{Ja) + a A b) (g) J(f), 
so, the Ricci identity for Q, (|l7|), can be rewritten as 

da- JaAb= -R{J(I)); d{Ja) + aAb^ -R{(f)- (23) 
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From the Ricci identity for (j) 

(Viy-V|.,^)(0) = [0,i?X^y], 



after using (21) and (|22|), one gets the gauge independent relation 

db ^ a A Ja~ R{fl) = a A Ja - p*. (24) 

Note that the closed, gauge independent 2-form 

7./ = -db = R{n) -ahJa (25) 

is a deRham representative of 27rci (M, J) , calculated with respect to the first canonical 
connection of (M, (7, J) 

^VxY-\j(VxJ){Y), 
see e.g. We shall refer to 7j as the canonical Chern form of {M,g, J). 

2.4. The differential Bianchi identity for almost Kahler 4-manifolds. For a Rie- 
mannian 4-inanifold (A/, g) the differential Bianchi identity can be written as SW = C, 
where W is the Weyl tensor, C denotes the Cotton-York tensor of {M,g) and the co- 
differential 6 acts on T4^ as on a A^M-valued 2-form. Recall that C is defined by 

Cx,Y^z = -{d^h){X, Y, Z) = -iVxh)iY, Z) + {VYh){X, Z), 

where h = ^R-ico + ^5 denotes the normalized Ricci tensor and c?^ is the Riemannian 
differential acting on T*M valued 1-forms. Both 5W and C are sections of the bundle 
A^M (g) A^M and because of the splitting A^A/ = A+M ® A'M, the differential Bianchi 
identity splits in two halves, self-dual and anti-self-dual: 

where the ib-superscript denotes the self-dual, resp. anti-self-dual component of the cor- 
responding tensor. We would like to express the above formulae in terms of the various 
U (2) curvature components of an almost Kahler 4-manifold (M, g, J, ft). We start with the 
Cotton- York tensor C. 

Contracting the differential Bianchi identity SW — C, we obtain 

5(Rico - |.9) - 

and this, together with the fact that the fundamental form Q is harmonic, implies: 

- 6{pQ - ^n) ^ JS{Ric"). (26) 

Taking the Hodge star operator of both sides, the above relation is equivalent to 

dp = *(J(5Ric ). 

In particular, if Ric" = 0, then p is closed Q. 

For a given vector field Z, we denote by Cz the section of A^M, defined by Cz{X, Y) := 
C{X, Y, Z), and similarly we define and . Denote also by Az the A^M- valued 1-form 
given by 

Az = {d^Ric")z + ijzidp), 

where l stands for interior derivative, and let A^ be the self-dual and anti-self-dual com- 
ponents of A 



z- 



LOCAL MODELS AND INTEGRABILITY OF ALMOST KAHLER 4-MANIFOLDS 11 

Lemma 3. Let [M, g, J, Q) be an almost Kdhler 4-Tnanifold. Then, for any vector field Z , 
the Cotton- York tensor Cz is given by 

2Cz = VjzPo - \{{d-^s)z)n + Vp,iz)^ + ^ds AZ^- Az, (27) 

where Z^ denotes the g-dual 1-form of Z . 

Proof. Since h = ^Ric — j^g, the Cotton- York tensor is written as: 

Cz = -^{d^mc")z - ^(d^Ric')z + ^ds A Z'. (28) 

Taking into account that p(-, •) = Ric ( J-, •), we have 

{d^Ric'){X,Y,Z) = (VxRic')(r,Z) - (VyRic')(X,Z) 

= (d^p)(X, Y, JZ) + (p{Y, {WxJ)Z) - p{X, {VyJ)Z)) . (29) 

For the term d^ p we have 

id^p){x, y, JZ) = {Vxp)iY, JZ) - (Vyp)(x, JZ) 

^-{Wjzp){X,Y) + {dp)(X,Y,JZ) (30) 
= -{\/jzp){X, Y) + Ljz{dp){X, Y). 

To refine the last term of (p9|), note that as an algebraic object, WxJ is a skew-symmetric 
endomorphism of TM, associated (by ^-duality) to the section of the bundle |A°'^MJ|. 
Thus \/xJ anti-commutes with J, and commutes with any skew-symmetric endomorphism 
associated to a section of A~ M ; in particular, it commutes with the endomorphism corre- 
sponding to po via the metric (which will be still denoted by po). We thus obtain 

p(y, (Vx j)(z)) - p{x, (Vy j)(z)) = I ((Vyf^)(x, JZ) - {VxmY, JZ) 

+ [Vxmy.paiz)) - (Vyr!)(x,po(^)) 

^ '-{Vjzn){X,Y) {Vp^^zmX,Y), 

where for the last equality we used the closedness of Vl. 
Substituting (js^) and (|l]) in (H), we get 

(d^Ric )z = -^jzPa ~ ^ pa(Z)^ 

1 (32) 
+ -{{d's)z)n + ijz{dp). 

From ( p^ ) and (^2|), we obtain relation ( p7| ) claimed in the statement. □ 

Lemma 4. Let (M, g, J, 57) &e an almost Kdhler ^-manifold. Then the differential Bianchi 
identities SW^ — C^ , SW^ = C^ are equivalent to: 

= -]id-^{n-s))zn+lid{K-s)AZY + {Sp")zn (33) 

+ !lVjzn - Vp^^z)^ + Vp,,(z)^ + Vjzp'l + 2{5W+)z + A\ ; 

= ^ jzP^ + \{dsKZ'')- -^m^ ~ A- . (34) 

Proof. Relation (^4|) follows from SW^ — C^ by simply taking the anti-self-dual component 
of (|27|). Similarly, for (^) we take the self-dual component of (27), but we also use the 
relations 

mt)z = -\{d:'n)z^ + JVjzfi + ^{dn A Z^)+, (35) 
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m+)z = ^Vjz{p.)" + 2 V(,.).(^)f7 + -{5p'i){Z)n, (36) 

which easily follow from and (||). □ 

It will be useful to further determine the fJ-component and the [A'^^^Mj-component of 
( ^3| ) in accordance with the decomposition (0) of A+A/. These are given by 

Corollary 1. For any almost Kdhler ^-manifold the following identities hold: 

= -^{d'{K-s))z + 2({5W+)z,n) (37) 

+2{Sp:)z-{p:,^jzn) + {A+,n) ; 
= ^id{K-s)AZ^)" + '^Vjzn-Vp„^z)i^ + 2{5W+)'z (38) 

+Vp,,^z)^+iVjzp:)" + {A+)". 

2.5. A Weitzenbock formula and unique continuation of the Nijenhuis tensor. 

Recall that the weak unique continuation property for a map u : M E between connected 
Riemannian manifolds, M and E, says that if w is a constant map on an open subset U C Af , 
then u is constant everywhere; for the strong unique continuation property, the condition 
that u is constant on an open subset is replaced with the assumption that at a given point, 
u has a contact of infinite order with the constant map (see e.g. [p9|). 

In this subsection we shall show that the (strong) unique continuation property holds for 
the Nijenhuis tensor of an almost Kahler 4-manifold which satisfies certain curvature condi- 
tions. In fact, we shall concentrate our attention on Vf2, which is identified to the Nijenhuis 
tensor via (p^. As typically happens in Riemannian geometry, the unique continuation 
property appears as a consequence of a Weitzenbock formula. In our case, we shall use a 
general Weitzenbock formula of Bourguignon applied to Vfi, seen as a section of the 
bundle of A^Af-valued 1-forms. The role of the "constant map" in this setting is played by 
the zero section. 

Proposition 1. Let {M,g, J,Vl) he an almost Kdhler ^-manifold whose curvature satisfies 
the third Gray condition (^ . Then, the following identity holds: 

V*V(Vf^) + + Viuc„(.)^ ^ 0, (39) 

In particular, if M is connected, then the (strong) unique continuation property holds for 
Vri (hence for the Nijenhuis tensor N as well). 

Proof: We shall in fact establish a formula for V*V(Vri) on an arbitrary almost Kahler 
4-manifold, and then relation (|3^) will be an immediate consequence. The starting point 
is the general Weitzenbock formula for a A^Af- valued 1-form V (e.g. see p. 282): 

((d^(5^+<5^d^)V^)^ = (v*Vy)^ + \^Ric(x) + (i?-V^)x. (40) 

In the above formula 

• diy is the Riemannian differential acting on A^Af- valued fc- forms; 

• 5'^ is the formal adjoint of d^ ; 

• the curvature action is given by: 

4 
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where {ei, ...,64} is an orthonormal basis of TM, the 2-forms Rx.en Vei are freely iden- 
tified with the corresponding skew-symmetric endomorphism of TM and [•, •] denotes the 
commutator. We apply ® to F = VD.; using (|l|), @ and (0) we get 

5^{vn) = = 2{p, - p) = 2p'i + ^'^^J'^ n , (4i) 

o 

{d^{Vn))x.Y = {V\^y^)-{VI^x^) = [J.,Rx.y]. (42) 
From (|4^) we derive immediately 

(d^<5^(Vr!))x = 2^xp: + \d{K - s)x^ + ^^Y^Vx^! , (43) 
whereas a short computation starting from (|2|) leads to 

(<5^d^(Vr!))x = -(i? • (Vr!))x + f (Ve.i?)e.,x(J-, •) + (Ve.i?)e.,jc(-, J' 

(44) 



(45) 



Using the differential Bianchi identity and (32), we get 

((Ve.i?)e.,x(J-, •) + (Ve,i?)e.,x(-, J')) = (rf^Ric)x(J-, O + (d^Ric)x(-, J') 

= Ax(J-, •) + Ax{; J-) + 2{S/^,^,^^^p){; •) 

= -2(J(yl+)")(,.) + 2(Vj,,^,(^)f7)(,.). 
From the relations (^^45) and (pO[), we obtain 

V*V(Vf^) = 2Vp'; - 2J{A+)" - VRic(.)f^ 

- 2i? • (Vr2) + 2V„. -d(K -s)®n + . 

Ulc^J^ j 2 2 

It remains to detail the expression of the term R ■ (Vil). For this, we shall use the U{2)- 
decomposition of the curvature ([l0| ) and compute the action of each component on V57. It 

is clear that the action of W~ is zero, and for the action of the component RIcq we will not 
attempt to do any simplification, as RiCg = for almost Kahler 4-manifolds satisfying (||). 
For the other components though, from their definitions (see (p4|), (^), (^), one computes 
successively: 

(^Id|A.M-(Vl]))^ = ^(VxO); 
{w+-{wn))^ = ^(Vxf^); 

{w+-{wn))^ = -{Wjp,,^x)n)-^{p':,Wxm; 
(w+-{vn)'^^ = {{sw+)jx,n)n; 



Finally, using the relations above, back in (p6|), we obtain: 

+ {^d{K - s)x ~ 2{{5W+)jx.n))^ 
+ 2{Vxp'l)" + 2V,jp,,^x)^ 

- ^mc'^ix)^ - 2J(^x)" - 2(Ri5 • (Vr!) 



(47) 



X 
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For an almost Kahler 4-manifold which satisfies the third Gray condition, the terms in 
the last two hnes of the above equation all vanish, as they contain Ric and p", see Lemma 
|l|. In fact, the expression of the second line is also 0, as a consequence of the Bianchi 
relation (|37|). Thus, under the assumption Ric = & p" — 0, the general formula ( ^7| ) 
reduces to (|39|); the fact that the relation ( |39| ) implies the (strong) unique continuation 
property for Vil (and therefore also for the Nijenhuis tensor N), follows from the classical 
result of Aronszajn 0. □ 

Remark 1. (i) Note that solely for the purpose of getting the unique continuation prop- 
erty for Vri, we need not make the effort to compute the action of each of the curvature 
components on Vil. Indeed, to apply the result of Aronszajn [Q, it is enough to obtain an 
estimate of the form 

|v*v(vf7)|2 < m(|v(vi7)|2 + ivf^p) , 

and relation ( ^6|) already implies such an estimate, once we also note that 

l\d{K - s)| = \d{\vfi\^)\ < 2\v{vn)\\vn\ = ^(^ - s)|v(vi])|. 

More generally, from ( |47| ) (or equally well from (^6|)), one can deduce that the (strong) 
unique continuation property for Vf2 holds for almost Kahler 4-manifolds for which two of 
the three tensors, Ric , p", and vanish. Indeed, in the case when p" = & — 0, 
the differential Bianchi identity ( p8|) can be written as 

-{A+y = ^{d{K -s)A Z')" + JVjzr! - Vp,^z)^. 

Putting the above relation back in (|4^), one again obtains the needed estimate to apply 
0. One can proceed similarly in the case Ric = & = 0. In fact, in this latter 
case, employing a different estimate, it was shown in Q that an even stronger version of 
the unique continuation property of V57 holds; namely, if VfJ vanishes at one point, then 
it must be identically zero. 

(ii) One would expect formula ( p7| ) to eventually lead to the integrability of compact 
almost Kahler 4-manifolds satisfying certain curvature conditions. This is indeed the case: 
along these lines it was proved in pO| that on a compact symplectic 4-manifold there are 
no critical, strictly almost Kahler structures of everywhere non-negative scalar curvature. 



3. The examples of almost Kahler 4-manifolds satisfying the third Gray 

condition 

We give here more details about the explicit construction given in Theorem |^; the 
material in this section has appeared in . 

Let (E, gs) be any oriented Riemann surface and h = w -\- iv he a holomorphic function 
on S, such that w — [He(/i) is a positive (harmonic) function on S. We can then locally 
write the metric as 

where a;, y are (local) isotherm coordinates of (E, gs) and u is a function on E. We consider 
the metric 

g = g^ + wdz®"^ ^-idt + vdz)®"^ (48) 
w 

= e"w(da;^2 ^_ ^^^2) ^^^m ^ }_^^^ ^ vdz)'^\ 

w 
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defined on A/ = S x M^, where {z,t) are the canonical coordinates of M^. Clearly, Ki ~ 
and K2 = -§1 are two commuting Killing fields, so that g is an M^-invariant metric 
compatible with the product structure in the sense of . 

As observed in the metric carries a compatible Kahler structure, /, whose 
fundamental form is 

VL = Vt-^ + dz h {dt + vdz) = {e"w)dx A dy + dz A dt, 

where fis denotes the volume form of CE^g-^). Equivalcntly, / is defined by its action on 
1-forms: 

I(dx) = dy: I(dz) ^ -(dt + vdz). (49) 
w 

Thus, / is compatible with the product structure as well, and induces an orientation on 
M and on each of the factors E and R^. Besides /, one can consider the almost complex 
structure J, which coincides with / on E, but which is equal to — / on M^, i.e. 

J{dx) ^ dy; J{dz) = - — {dt + vdz). (50) 
w 

Thus, J is compatible with g and yields on M the orientation opposite to the one induced 
by /. Furthermore, the fundamental form of J is given by 

fl = Q,^ — dz A {dt + vdz) = il^ ~ dz A dt, 

and is clearly closed, meaning that (g, J) is an almost Kahler structure. It is easily seen 
that J is integrable (i.e. {g, J) is Kahler ) if and only if h is constant (i.e. 5 is a product 
metric), a possibility which we exclude in what follows below. 

An important feature of the construction comes from the following observation: at any 
point where dw ^ 0, the Kahler nullity D — {TM 9 X : V xJ = 0} of J is a two 
dimensional subspace of TM, which is tangent to the surface S (see [^); thus, the Kahler 
structure / and the almost Kahler structure J are equivalcntly related by 

Jd — Id Jd-^ ~ ^Id^- 

The almost Kahler structure {g, J, fl) is sufficiently explicit to make it straightforward, 
though tedious, to check that its curvature satisfies the third Gray condition (||); see our 
previous paper Q for detailed calculations. But the heart of |^ consists of the following 
abstract characterization of the almost Kahler structures given by ( p8[ - |50| ) : 

Theorem 3. Theorem 2] Let (Af, g, J, D,) be a strictly almost Kahler 4-manifold whose 
curvature satisfies (^. At each point x £ M where the Nijenhuis tensor of J does not 
vanish, consider the orthogonal almost complex structure I which is equal to J on the 
Kahler nullity C T^M, but to — J on the orthogonal complement of D^. If we suppose 
that {g,I) is Kahler on an open subset U , then for every sufficiently small neighborhood of 
X G U, {g, J, I) is given by (|||0|), up to a homothety. 



The key point for obtaining the above result in |^ was to show that the distribution D-^ 
is (locally) spanned by commuting hamiltonian Killing fields, a subject to a straightforward 
verification of the integrability condition of a relevant Frobenius system; then, according 
to [Q, the Kahler metric (g, /) can be put (locally) in the form (|4^^9|) and Theorem g 
follows easily. 

On the other hand, it was shown in ^ that when {g, J) is an Einstein, strictly almost 
Kahler structure satisfying (||), {g,I) is necessarily Kahler ; the same was later established 
for strictly almost Kahler 4-manifolds satisfying the second curvature condition of Gray 
(see Q). In the next section we generalize these results. 
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4. Proof of Theorem 1 

The following proposition, which via Proposition Q and Theorem ^ implies Theorem 0, 
is the technical core of the present paper. 

Proposition 2. Let (M, g, J, f2) be a strictly almost Kdhler ^-manifold satisfying the third 
Gray condition (^) and let [g, I) be the opposite almost Hermitian structure associated to 
{g,J) as in Theorem ||. Then, on the open set U C M, where |VJ| ^ 0, (<?,/) is a Kdhler 
structure. 

There are three main steps in the proof, corresponding roughly to Lemmas ^ |^ and ^ 
below. In Lemma ||, we first establish that under the third Gray condition for (g, J), 
the opposite almost Hermitian structure (g, /) is almost Kdhler and we specifically find, 
in accordance with Lemma |[ the exact form representing the difference 7/ — 87 j, where 
7j and 7/ are the canonical Chern forms of (g, J) and {g, I) respectively (see Section 2.3). 
Under the second Gray condition studied in |^], or with the Einstein assumption made in 
1^, Lemma || is essentially enough to obtain that (.g,/) is Kahler. Assuming the (weaker) 
third Gray condition only, the same conclusion is still true, but not so immediate. The 
idea of the proof is to proceed by contradiction, thus assuming that {g, I) is not Kahler and 
to try to iterate the construction. This is somehow complicated by the fact that, a priori, 
{g,I) does not satisfy the third Gray condition (^). Nevertheless, in Lemma ^ we show 
that the curvature has the necessary features to allow the iteration of the construction. 
The last step is essentially done in Lemma ^ We consider (g, J), the opposite almost 
Hermitian structure associated to {g, I) and, analogously to Lemma ^, we get an explicit 
expression for the exact form representing — 87/ , where "fj denotes the canonical Chern 
form of {g, J). But one immediately notices that, in view of Lemma ^ the "opposite of 
the opposite" almost complex structure J is nothing else than — J, hence we also have 
7j = — 7j. Therefore, the expression for jj — 87/ obtained in Lemma M provides another 
relation between and 7/, different than the one obtained in Lemma ^ (see also Lemma 
^). The combination of the two leads to the desired contradiction. 

This is the outline of the proof of Proposition |^. Before we proceed to detail each of the 
three mentioned steps, let us first recall some notations from Section 2 and introduce some 
new ones, for convenience. As mentioned in Section 2.8, it is useful to make computations 
using a gauge recall that (/> is a local section of norm V2 of the bundle IA°'^M}. We 
thus choose an arbitrary gauge (j) and fix it. By formulae ( ^l|) and (p2|), we define the local 

1- forms a and b corresponding to (j>. We shall denote the (local) endomorphisms of TM 
induced by (j) ^-nd J4> by Ji and, respectively, J2; note that the triple (J, Ji, J2 — JJi) 
is a local almost quaternionic structure on the manifold. We also make the convention to 
denote a tensor (or form) defined by the opposite almost complex structure {g, I) with the 
same symbol as the corresponding one defined by {g,J), but with a "bar" sign on top. 
Thus, for instance, the fundamental form of (.g,/) is denoted by Q, the Ricci form of (.g,/) 
by p, etc. 

Because of the existence of the opposite almost Hermitian structure {g,I), the decom- 
position (^ of the bundle of 2-forms further refines to: 

where [A j'^Mj, [Aj'^Af] denote the underlying real bundles of the anti-canonical bundles of 
{g,J), {g,I), respectively. We shall keep the convention made earlier to use the superscripts 
' and " for the J-invariant, respectively, J-anti-invariant parts of a 2-form, or symmetric 

2- tensor. But we shall need occasionally to also consider [[Aj'^7\f]-components of 2-forms 
and we make the convention to use the notation (•)" for this. Thus, for instance, (p*)" will 
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denote the [[Aj'^AfJ-component of the *-Ricci form of (5, /). In addition to d'' , we shah 
also use , the complex differential with respect to /, acting on fmictions hy d^ f = Idf 
(see Sec. 2.3). 

The Lemma below was essentially proved in our previous work |^ . 

Lemma 5. Let {M, g, J, Vl) he a strictly almost Kdhler ^-manifold satisfying (|^). Then, on 
the open set U where N ^ Q, the Kdhler nullity D of (g, J), and its orthogonal complement, 
D^, are both involutive distributions. Furthermore, on U , {g,I) is an almost Kdhler struc- 
ture and the Kdhler nullity of {g, I) contains the distribution . Moreover, the following 
relation between the canonical Chern forms 7/ and 7j of {g,I) and (g,J) holds: 

jj = 3-/j-dd^{ln\Vn\^). (51) 

Proof. The opposite almost complex structure / is defined (on U) through the distributions 
D and _D^, which in turn are determined by the 1-jet of J. To obtain information about 
the 1-jet of /, we thus need to study the 2-jet of J (equivalently, the 2-jet of fl). For this 
purpose, let us define the 1-forms mi,ni, i = 1,2, by the first relation below, while the 
other three relations follow easily from the first one and ([2l|), (ES 



(52) 



Va — mi (g) a + rii (g) Ja + m2 ® .Jia + n2 ^ J20.] 
V{Ja) — —ni (X) a + mi (X) Ja + (a — ^2) (X JiO + (to2 — J(^) ^ ^20; 
V( Jifl) — — m2 <8) a + (^2 — a) (8) Ja + mi (g) Jia + {b — ui) ® J2a; 
V( J2a) = — ^2 (Xi a + {Ja — 1112) Ja+ {ni — 5) (g) Jia + mi (g) J2a. 

Note that for a strictly almost Kahler 4-manifold {M, g, J,fl) satisfying (||), the identity 
( |37| ) becomes 

o = l{d'{K-s))z-{{sw+)z,n). 

Using (pel), (^) and (|2^), this can be further written as 
1 
4 

Hence the 1-form mi is immediately determined to be: 

mi = id(ln \Vn\^) = -J^JW+ma). (54) 

As a consequence, observe that m\ S D, where here and henceforth the superscript tt 
denotes the dual vector field of a 1-form, through the metric. The forms ni,m2,n2 are 
determined by the relations (p3|). Indeed, under the condition (||), the 2-forms R^ip) and 
R{J(I)) are J-anti-invariant, thus, according to (|2^), we have 

{da - Ja/\ b)' = 0, {d{Ja) + a A 6)' = 0. 

These relations combined with (M) lead to 



d|Vflp = d|ap = -J{5W}, ft) = ~2JW;^{<p){a). (53) 



b-^d'{ln\^nf); 
m2 — - Ja + Jmo; (55) 



Hi = —b — Jmi 
1 

2' 



n2 = -Jm2 = + "^0, 
where mo is a 1-form dual to a vector field in D. 
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Thus, formulae (|2|), and (||) imply 

da{X,X') = d{Ja)iX,X') = 0, yX,X' e D, 
diJia)(Y,Y') = d{J2a)(Y,Y') ^ 0, VF, F' e D^. 

As the vector fields dual to a, Ja generate and the vector fields dual to Jia, generate 
D, the above relations show that and D are involutive distributions. 

To show that {g,I) is almost Kahler, observe first that the fundamental forms of {g,I) 
and {g, J) are related by 17 = f2 — A Ja. We take the covariant derivative of this 
relation and use and ([5^p5|) to get 

VH = 2mo (g) - 2/too (8) /0, (56) 

where (j) € |Aj'^M]] is the natural gauge for (g, /), determined by (j) through the relation 

2 

(/) = (f)+ —r^rJaA J2a. (57) 

Then, dfl = is immediate from (|5^), and so is the claim about the Kahler nullity of (g, /) 
since a = 2mo is dual to a vector field in D. 



Finally, taking the covariant derivative of (57) and using ( |22| ) and (|52|-p5D, one finds 



V0 = 6 (g) /(^ - a «) ri, (58) 

where a = 2mo and 

b^3b + d-\ln\Wn\^). (59) 

Since 7/ — —db and 7j — —db (see (p5|)), relation (^ij) follows. □ 

The next step is to gather more information on the curvature components of the almost 
Kahler metric {g,I). 

Lemma 6. Let (M, g, J) be a strictly almost Kahler J^-manifold satisfying (|^) and (g, I) be 
the opposite almost Kahler structure as above. Then, the trace-free Ricci form po of {g, J) 
and the ^^A^''^ MJ- component of the star-Ricci form of {g,I) are given by: 

1 IVHP — — — — 1 — 

Pq = -{s + '-^)^ + ^ , {p,y{^^, where -if ^ - Wd(in\vn\^)^- (60) 

Moreover, the identity (Q) reads as 

id|Vnp = d|ap = -I{SW^,Tl) = -2IW^{4>){a) . (61) 

Proof. We first prove the equalities in (^). With respect to the gauge (j) from the previous 
lemma, the Ricci identity for Q takes the form (compare with (|2^)) 

da-Ia/\b^ ~R{I4>); d{Ia) + a A 5 = -i?(0)- (62) 

We proved in Lemma || that a' G 13 and that D is an involutive distribution. It thus 



follows that the left-hand sides of the relations (62) vanish on A" A JX with X G D^. This 
is equivalent with the fact that the |A^' A/]-components of R{Q) and R{fl) are equal. Thus 

(Po)/ = (p*)/-*, 

and it remains to obtain the claimed expressions of and the fi-component of po- For this 



we turn to relation (51). Using (|2j) and its analogue for 

db = aAla- R{n), 
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relation (pT|) is equivalent to 



^R{n) - - ^dd-^{\n iVl^n - L A Ja + ifl A Ja = 0. (63) 

£i Zi £j 



Taking the [Aj' Af]]-component of ( |63[) we obtain 

* = i(dd^(ln|V17n)'; = iVrf(i„|vop)n, 

where the first equality uses that (d(ln |V17p))'* G (seejsl)), hence d'^(ln|Vf2p) = 
c?''^(ln I Vi7p), and the second equality follows from ( p^ ) and (|15D. 
bmce (d"'(ln |Vr2|2))ti e D and Z? is involutive, we also have 

(dd-^^nlVl^p), (17-11)) =0. 

Thus, taking the inner product of relation ( |63| ) with l/2(il — fi) and using ( pO| ) and its 
analogue for the almost Kahler structure (<?,/), we derive 



(i?(f7),f7> = - + -|Vf7 
and the desired form of the fJ-component of po follows. 



2 



Now we prove the relation (61). The starting point for this is the identity ( |34| ) established 
in Lemma ^ Taking into account that the Ricci tensor is J-invariant and that the anti- 
self-dual Weyl tensor decomposes into W~ = -I- + Wg" (with respect to the almost 
complex structure /), relation ( ^4|) can be written as 



We consider the fi-component of this relation, taking into account that for {SW^)z-, 
iSW^)z we have similar expressions to the ones for {5W^)z, (<5W^)z given in (|35| ) and 
dSq). We thus get 

= (Vjzpo,f^)-^(d'('*-s))2 + i(rf's)z 

-(V/z(p.)^',n) - 2(,5(p,)^')z - 2(i5Wi)z,n) . 

We plug the expressions for po and for (p*)" given by (|6^) into the above formula to 
eventually obtain 

= 2id'\a\')z-lid-'\af)z-lid's~d's)z (64) 

-2{S'^)z-2{i6Wi)z,Ti) . 

To derive the latter formula we have also used that {'i' ,W iz-jz^) = which follows by 
Lemma ||, since IZ — JZ G . 

Substituting the expression for po found in ( |60| ) into (|2^), and applying J, we get 

d's-d'^s = -d^\a\'^ + A5^. 

Using this last relation back in ( |6^ to replace the term ^(d^ s — d''s)z, we obtain 

l^\a\^)^-^{d'\a\^+d'\a\^)^- 

Since £ D, the 1-form 

is dual to a vector field in D-^, and then relation ( |65| ) is equivalent with the relation (|6 
□ 



= 2{d'\a\^)z - i(d^|ap + d'\a\')z ~ 2({dWi)z, n) . (65) 
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The next result is an "iteration" of Lemma ^. 

Lemma 7. Let (M, g, J) be a strictly almost Kdhler 4-fnanifold satisfying (P) and let U 
denote the open set of points where \7 J ^ 0. Let (g, /) be the opposite almost Kdhler 
structure on U , associated to {g, J) and assume that on a non-empty open subset Uq d U 
the opposite almost Kdhler structure {g,I) is not Kdhler. Then, on Uq, the opposite almost 
Hermitian structure {g,J) associated to {g,L) is (g,—J). Moreover, the following relation 
between the canonical Chern forms of{g,L) and {g,J) holds 

7j = -7j 37/ - dd^(ln|Vnn - 2dd'' {ln\Wn\^). (66) 

Proof. From the assumption that {g,I) is not Kahler on Uq and from Lemma it foUows 
that the Kahler nullity of {g, I) is precisely the distribution on Uq', the opposite almost 
complex structure J associated to (g, /) is then defined by J = / on and J = — / on 
D, i.e., J = — J. 

We now prove (^6|). As in Lemma ^, we need to first investigate the 2-jet of f2 (equiva- 
lently, the 1-jet of a), with the help of the Ricci relations ( |6^ and (|6l|). Let Pi,qi, i = 1, 2 
be the 1-forms defined by the first relation below. The other three relations follow by 
and dH). 

Va = pi (g) a + 9i (g) Jo + P2 (Xi Jid + q2 <^ ; 
V(Ja) = —qi (g) a +pi ® Ja + (o — (72) ® -ha + {p2 — Ja) (g) J2d ; 
V( Jia) = -p2 (g) a + (^2 - a) (81 Ja + pi (g) Jid + {b - qi) (g J2d ; ^^'''^ 
V( J2a) = —q2 (g) a + {Ja — pi) g) Ja + (qi — 6) g) Jia + pi (g) J2a . 
From the formula ( |6l| ) of Lemma ^, it follows immediately that the 1-form pi is given by 

p, = irf(ln|Vf7|2) = -^IW^md). (68) 

An important point of this formula is that p\ e D^. For the 1-forms qi,p2,q2, one obtains 

qi = -Ipi-b-d'^{ln\Vn\^); 

P2 = -^hJia + ^Ja; (69) 

q2 = ip2, 

where Ii and I2 denote the (local) almost complex structures corresponding to (j) and Icj); 
recall that Ji, J2 stand for the almost complex structures dual to (f) and J4>. Let us just 
briefly explain how the relations (|6^) are obtained. Since both D and are involutive 
distributions, we have 

{da){x,x') = id{jd)){x,x') = 0, yx,x' e D-^ 
(d(Jia))(r,r') = {d{j2d)){Y,Y') - 0, V e d. 

and using (|67|), these can be seen to be equivalent to q2 — Lp2. For the remaining two 
relations we use ( |67] ) and q2 = Ip2 plugged into the identities (|62|). Taking the 1/2(0, + Q)- 
components and the |Aj^i\J]]-components of the identities thus obtained, we eventually 
get 

qi + Ipi +b ^ -d'' {\n\Wn\^), 

which is the second relation of (|69[); the fAf AJjj-components of the Ricci identities ( |62| ) 
imply 

D 1 r r - 

P2 = --^hJia, 
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or, equivalently, 



1 _ SI 

P2 = --^hJia + Pa, with pi e D . 



So far we have basically followed the track of the computations made in Lemma |5[ However, 
now we can obtain even more by determining completely the 1-form pq. For this, write the 
relation between and fl as 

2 _ _ — 
n = TTTpra A Ja — fi, 

lap 

and take the covariant derivative of this relation, usine; (H), (|3]6|). This eventually 
leads to po ~ \Ja. 

As we have already noticed, the opposite almost Hermitian structure (g, J) associated 
with (g,/) is not a new structure, but just (g, — J). However, the iteration of the construc- 
tion, imposes a natural new gauge ^ G |Ay MJ, 



a 



^/a A /0(a), (70) 



which may be different than the initial gauge 0. Taking the covariant derivative of (|70| ) 
and using (^), ( |6l|) and (67-|69|), one finds, after a long but straightforward computation, 
that the 1-form b of the structure (5, J) with respect to the gauge (p is given by (compare 
with (|§)): 

& = 36 + d^(ln |Vnp) + 2d-^(ln |Vf^p). 



Now relation (66) immediately follows since dh — — 7j ^ n 

Proof of Proposition We assume as in Lem ma W that (g, /) is not Kahler on an open set 
Uq C U. Then on Uq both relations ( pT| ) and (|66[) hold, and taking the appropriate linear 
combination of them, we obtain 

5{ji-jj) = d£{ln\WW). 

On the other hand, starting from (^) and its companion relation giving 7/, and by using 
(|20| ) and the curvature information picked up in Lemma ^, we compute 

7/ - 7,7 = i?(n) - a A /a - i?(f2) + a /\ Ja 

_^,n + n,-^,n-n, 

From the last two identities we obtain the equality 

8 16 5 

which holds at every point of the open set Uq. Since d^{\n |Vilp) is dual to a vector field 
in D"*- and D-^ is involutive, it follows that the right hand-side of (|7|) has a zero inner 
product with + il. For this to hold for the left hand-side of (|7l] ) as well, we must have 
|Vr2| = at every point of Uq. But that is a contradiction, since Uq is a subset of U, the 
set of points where |Vr2| ^ 0. Therefore, the assumption that the opposite structure (<?,/) 
is not Kahler must be false, hence we proved Proposition |[ □ 
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5. Proof of Theorem g 

As a consequence of Theorem |l| and Proposition we first obtain the foUowing global 
version of Proposition ||, which is essential for the proof of Theorem ||, but also presents 
interest in its own. 

Proposition 3. Any connected, strictly almost Kdhler ^-manifold {M^ g, J,fl) satisfying 
the third Gray condition (^) admits a globally defined Kdhler structure (3, /) which yields 
the opposite orientation to the one of {M, J) . 

Proof. We show that the opposite almost Kahler structure {g, I) defined as in Theorem 
^ can be extended globally on M. Let p € M — U he any point of the zero locus of the 
Nijenhuis tensor N. By the unique continuation property of N (see Proposition |^), there 
exists a number k > 2 such that 

(V^f])(p) = 0, V 1 < ^ < (fc - 1); {V''n){p) ^ 0. 

As a consequence, we obtain 

= (v*v(v'=-iri), v*^-iri)p = -^A{\v''-^n\''){p) + \v''n\''{p), 

which shows that A(| V'''^^f2p) 7^ at p, hence also in a small neighborhood of p. On U, 
the distribution D-^ is spanned by the commuting hamiltonian Killing fields and ^ (see 
Theorem |l|), so that d\V''-^n\'^ IS zero on D^; equivalently, iV'^-^r^p is a function on the 
Riemann surface S. It then follows that on U we have (see (p^)): 

dd^{\v''-^n\^) = -A(|v'=-ir!p)r!s, (72) 

where, recall, denotes the volume form of the (locally defined) Riemann surface S; 
as a global object on U, fl^ is given by the restriction of to Z? C TU, i.e. •) = 

rj(pr-°-, pr-^-) where pr^ denotes the projection to D. We thus can define / in a small 
neighborhood of p by setting 

2 

nr ^ dd'^iw'^-^ni^). 

By (1?^), this agrees with the definition of / on U. Since U is dense in M and (g,I) is 
Kahler on U, we conclude that / can be extended as a Kahler structure on whole M. □ 

Now we are ready to prove Theorem ^ 

Suppose for contradiction that (M, g, J, 17) is a compact strictly almost Kahler 4-manifold 
whose curvature satisfies @). According to Proposition ||, we can consider {M,g,I) as a 
compact Kahler surface which also admits an almost Kahler structure (5, J, fi), compatible 
with the opposite orientation to the one of (A/, /) ; equivalently, 17 is an indefinite Kahler 
structure on (M, /) (see ^^). Note then that the distributions D and D-^ are well defined 
on the whole M, respectively as the (—1) and the (+l)-eigenspace of the symmetric endo- 



morphism Q = J o I oi TM. Moreover, since {g, I) is Kahler, the relation (60) of Lemma 



I implies that on U (and therefore, by continuity, on M) the Ricci tensor has the form 

Ric=^5s, (73) 

where is defined on whole M as the restriction of g to the distribution D. Alternatively, 
(73) can be directly derived from the explicit form of g given by (^) of Theorem]^. Using 
(73), it is easy to compute the Chern forms 7/ and 7,7 of {g, I) and {g, J), respectively, 

11='^^^, 7,/ = (^ + ^)f^s. (74) 
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It follows that 7/ and 7j are both degenerate on M . From Wu's relations, we conclude 

cl{M,I) ^ 2e(M) + 3cr(A.f) 0; c?(Af, J) = 2e(Af) - 3cr(Af) = 0, 

hence the Euler characteristic e(A/) and the signature a{M) of {M,I) both vanish. From 
the Kodaira classification and the results of and we conclude that (Af, /) 
can be a ruled surface over an elliptic curve, a complex torus, a hyperelliptic surface, or a 
minimal properly elliptic surface which is a fibration over a curve of genus at least two, with 
no fibers of singular reduction. We can easily exclude the cases when {M, I) is a torus or a 
hyperelliptic surface. Indeed, by replacing M with a finite cover in the case when (M, I) is 
hyperelliptic, we can always assume that {M, I) is a complex torus. By results of Taubes 
|4^ , we know that on a 4-torus any symplectic form is homotopic to an invariant one, 
i.e. [7/] = and [7,7] = 0, so that by ([7^ we obtain 



* J M 



2, 



M 

a contradiction with the assumption that J is not integrable. 

We thus have to analyze the remaining two cases, when (A/, /) is a ruled surface or a 
minimal elliptic surface. Since ^ (and ^) is a (real) /-holomorphic vector field in D-^, 
we conclude that is a holomorphic, complex rank one distribution on (J7, /), hence also 
on Af, which gives rise to a non-singular holomorphic foliation J- on the complex surface 
(A/",/). From (|7|) we get 

2(77 - IJ) = --^^^ e 2^c,{TT). (75) 

Our next aim is to show that after replacing M with a finite cover if necessary, ( Af, TT) 7^ 
0. 

In the case when {M, I) admits an elliptic fibration (which also includes some ruled 
surfaces over an elliptic base), we can use an argument from since e{M) — a{M) — 0, 
we know that the elliptic fibers are smooth or multiple; since ci(Af, J) ^ 0, we have by 
Kodaira's formula that ci {M, I) is a non-zero multiple of the Poincare-dual of any regular 
(elliptic) fiber F. From (u4), (^q) and using the Poincare duality, we derive 



= ^ ^ J/ A (7,7 - 77) = ci(A//, /) • [-f.j - 7,] = ^ ivripris, 

where • denotes the cup-product of ff^(Af, K). Note that ils is a semi-positive (l,l)-form 
on (Af, /) whose kernel, at any point of U , is TT, while F is a (smooth) holomorphic curve 
in {M,I); it then follows from the above equality that, at any point x E U, the fiber F 
must be tangent to J^; since U is dense in M, we conclude that !F is tangent to the fibers 
everywhere. But as observed in jsj, by replacing M with a finite cover if necessary, {M,I) 
then admits a globally defined, non-trivial holomorphic field tangent to the fibers, which is 
also a holomorphic section of T!F. 

Suppose now that {M,I) is a ruled surface over an elliptic base B. By the previous 
argument, we may also assume that (A/, /) does not admit any elliptic fibration. According 
to the the classification of non-singular holomorphic foliations (see Prop. 6] and |2^, 
Sec. 3]), under the above assumptions for (Af, /), the following two cases arise: 

Case 1: T is tangent to the rational fibers; since (Af , f ) is not an elliptic fibration, according 
to m we have H^{M,TT) ^ as claimed. 

Case 2: is a foliation transversal to the rational fibers, i.e. a Riccati foliation in the 
terminology of [|^. In this case ci{T!F) is the pull-back of a class of H^{B, Z) (see [Q), so 
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that ci{TT) is a multiple of the Poincare-dual of any rational fiber F. Since [F] ■ [F] = 
in homology and in view of (|75|), we then have 

Then, we conclude as in the case of elliptic fibrations that each fiber F must be tangent to 
J^, which is a contradiction. 

As a final step of the proof of Theorem ||, note that TT = lies in the kernel of 
the Ricci tensor of g (see (^^); then, by the well-known Bochner-Lichnerowicz argument, 
for any holomorphic section S of T!F C TM we get VS = 0. Since we already showed 
H°{M, TT) 7^ 0, it follows that TT should be parallel, and then, so must be its orthogonal 
complement D. But then J must be parallel too, a contradiction. □ 

Acknowledgments. The authors are grateful to O. Biquard, D. Calderbank and P. 
Gauduchon for their interest and stimulating discussions. 

References 

[1] B. Alexandrov, G. Grantcharov and S. Ivanov, Curvature properties of twistor spaces of quaternionic 

Kdhler manifolds, J. Geom. 62 (1998), 1-12. 
[2] V. Apostolov and J. Armstrong, Symplectic ^-manifolds with Hermitian Weyl tensor, Trans. Amer. 

Math. Soc. 352 (2000), 4501-4513. 
[3] V. Apostolov, J. Armstrong and T. Draghici, Local rigidity of certain classes of almost Kdhler 4- 

manifolds, to appear in Ann. Glob. Anal. Geom. 
[4] V. Apostolov, D. Calderbank and P. Gauduchon, The geometry of weakly selfdual Kdhler surfaces, to 

appear in Compositio Math. 
[5] V. Apostolov, T. Draghici and D. Kotschick, An integrability theorem for almost Kdhler 4-''nanifolds, 

C. R. Acad. Sci. Paris 329, ser. I (1999), 413-418. 
[6] V. Apostolov, T. Draghici and A. Moroianu, A splitting theorem for Kdhler manifolds whose Ricci 

tensors have constant eigenvalues. Int. J. Math. 12 (2001), 769—789. 
[7] N. Aronszajn, A unique continuation theorem for solutions of elliptic partial differential equations or 

inequalities of second order, J. Math. Pures Appl. 36 (1957), 235-249. 
[8] J. Armstrong, On four- dimensional almost Kdhler manifolds. Quart. J. Math. Oxford Ser. (2) 48 

(1997), 405-415. 

[9] J. Armstrong, An ansatz for Almost- Kdhler, Einstein 4-manifolds, J. reine angew. Math. 542 (2002), 
53-84. 

[10] W.Barth, C.Peters and A. Van de Ven, Compact complex surfaces. Springer- Verlagh, Berlin Heidelberg 
New York Tokyo, 1984. 

[11] A. L. Besse, Einstein manifolds, Ergeb. Math. Grenzgeb., Springer- Verlag, Berlin, Heidelberg, New 
York, 1987. 

[12] D. E. Blair, The "total scalar curvature" as a symplectic invariant and related results, Proc. 3rd 

Congress of Geometry, Thessaloniki (1991), 79-83. 
[13] D. E. Blair and S. lanus. Critical associated metrics on symplectic manifolds, Contemp. Math. 51 

(1986), 23-29. 

[14] J. -P. Bourguignon, Les varietes de dimension 4 a signature non nule dont la courbure est harmonique 

sent d'Einstein, Invent. Math. 63 (1981), 263-286. 
[15] M. Brunella, Feuilletages holomorphes sur les surfaces complexes compactes, Ann. Sclent. Ec. Norm. 

Sup., Ser. 4 30 (1997), 569-594. 
[16] J. Davidov and O. Muskarov, Twistor spaces with Hermitian Ricci tensor, Proc. Amer. Math. Soc. 

109 (1990), 1115-1120. 

[17] S. K. Donaldson, Remarks on Gauge theory, complex geometry and 4-mo,nifolds topology, in "The 
Fields Medallists Lectures" (eds. M. Atiyah and D. lagolnitzer), pp. 384-403, World Scientific, 1997. 

[18] S. K. Donaldson, Symmetric spaces, Kdhler geometry and Hamiltonian dynamics, in "Northern Cal- 
ifornia Symplectic Geometry Seminar" (eds. Y. Eliashberg et al.), pp. 13-33, American Mathematical 
Society, 1999. 

[19] T. Draghici, On some A- dimensional almost Kdhler manifolds, Kodai Math. J. 18 (1995), 156-163. 
[20] T. Draghici, Almost Kdhler 4-''nanifolds with J -invariant Ricci tensor, Houston J. Math. 25 (1999), 
133-145. 



LOCAL MODELS AND INTEGRABILITY OF ALMOST KAHLER 4-MANIFOLDS 



25 



[21] P. Gauduchon, Hermitian connections and Dirac operators, Boll. U.M.I. (7) 11-B (1997), Suppl. fasc. 
2, 257-288. 

[22] G. Gibbons and S. Hawking, Classification of Gravitational Instanton Symmetries, Comm. Math. 
Phys. 66 (1979), 291-310. 

[23] S. I. Goldberg, Integrability of almost Kdhler manifolds, Proc. Amer. Math. Soc. 21 (1969), 96-100. 
[24] X. Gomez-Mont, Holomorphic foliations in ruled surfaces, Trans. Amer. Math. Soc. 312 (1989), 179- 
201. 

[25] A. Gray, Riemannian manifolds with geodesic symmetries of order 3. J. Diflferential Geom. 7 (1972), 
343-369. 

[26] A. Gray, Curvature identities for Hermitian and almost Hermitian manifolds, Tohoku Math. J. 28 
(1976), 601-612. 

[27] M. Gromov, Pseudoholomorphic curves in symplectic manifolds. Invent. Math. 82 (1985), 307—347. 
[28] D. ,Ioycc, Explicit construction of self- dual 4-manifolds, Duke Math. J. 77 (1995), 519—552. 
[29] J. Kazdan, Unique Continuation in Geometry, Comm. Pure and Appl. Math. XLI (1988), 667-681. 
[30] S. Kobayashi and K. Nomizu, Foundations of differential geometry, Vol II Interscience Publishers (John 
Wiley Inc.) No 15, 1969. 

[31] D. Kotscliick, Orientations and geometrisations of compact complex surfaces. Bull. London Math. Soc. 
29 (1997), 145-149. 

[32] D. Kotschick, Einstein metrics and smooth structures, Geom. Topol. 2 (1998), 1-10. 
[33] O. Kowalski, Generahzed Symmetric Spaces, LNM 805, 1980. 

[34] H.-V. Le and G. Wang, Anti- complexified Ricci flow on compact symplectic manifolds, J. reine angew. 

Math. 530 (2001), 17-31. 
[35] C.LeBrun, Explicit self-dual metrics on CP^tt...ttCp2, J. Differential Geom. 34 (1991), 223-253. 
[36] C.LeBrun, Four-manifolds without Einstein metrics. Math. Res. Lett. 3 (1996), 133-147. 
[37] C. LeBrun, Weyl curvature, Einstein metrics, and Seiberg-Witten theory, Math. Res. Lett. 5 (1998), 

423-438. 

[38] C. LeBrun, Ricci curvature, minimal volumes, and Seiberg-Witten theory. Invent. Math. 145 (2001), 
279-316. 

[39] M. Maruyama, On automorphism groups of ruled surfaces, J. Math. Koyoto Univ. 11 (1971), 89-112. 
[40] A. Newlander and L. Nirenberg, Complex analytic coordinates in almost complex manifolds, Ann. 
Math. 65 (1957), 391-404. 

[41] P. Nurowski and M. Przanowski, A four- dimensional example of Ricci flat metric admitting almost 
Kdhler non-Kdhler structure, Classical Quantum Gravity 16 (1999), no 3, L9-L13. 

[42] J. Petean, Indefinite Kdhler- Einstein metrics on compact complex surfaces. Comm. Math. Phys. 189 
(1997), 227-235. 

[43] K. P. Tod, private communication to the second author. 

[44] K. Sekigawa, On some compact Einstein almost Kdhler manifolds, J. Math. Soc. Japan 36 (1987), 
677-684. 

[45] C.H. Taubes, The Seiberg-Witten Invariants and Symplectic Forms, Math. Res. Lett. 1 (1994), 809- 
822. 

[46] C.H. Taubes, The Seiberg-Witten and Gromov Invariants, Math. Res. Lett. 2 (1995), 221-238. 

[47] F. Triccrri and L. Vanhecke, Curvature tensors on almost Hermitian manifolds. Trans. Amer. Math. 

Soc. 267 (1981), 365-398. 
[48] C. Wood, Harmonic almost- complex structures, Compositio Math. 99 (1995), 183-212. 

Vestislav Apostolov, Departement de mathematiques, UQAM, succursale Centre-ville CP. 
8888, Montreal, H3C 3P8, Canada 

E-mail address: apostolo9math.uqam.ca 

JoiiK Armstrong, 21 Alford House, Stanhope Rd, London, N6 5AL, UK 
E-mail address: John.Armstrong@yolus.com 

Tedi Draghici, Department of Mathematics, Florida International University, Miami FL 
33199, USA 

E-mail address: draghici9fiu.edu 



